Abstract. In this paper, we study the zero divisor graph Γ m (L) of a multiplicative lattice L. We prove under certain conditions that for a reduced multiplicative lattice L having more than two minimal prime elements, Γ m (L) contains a cycle and gr(Γ m (L)) = 3. This essentially proves that for a reduced ring R with more than two minimal primes, gr(AG(R))) = 3 which settles the conjecture of Behboodi and Rakeei [9] . Further, we have characterized the diameter of Γ m (L).
of two compact element is compact (see Definition 1.2) and the annihilating ideal-graph of a commutative ring R with unity is nothing but the zero divisor graph of the multiplicative lattice of all ideals of R where the vertex set is the set of non-zero zero divisors and vertices a and b are adjacent if and only if ab = 0. Hence to study the annihilating ideal-graphs of commutative ring with unity, a multiplicative lattice becomes a tool. This motivate us to define and study the zero divisor graph of a multiplicative lattice. It is natural to ask the following question and the affirmative answer to this question solves Conjecture 1.1. of Behboodi and Rakeei [9] . In this paper, we study the zero divisor graph Γ m (L) of a multiplicative lattice L. We prove under certain conditions that for a reduced multiplicative lattice L having more than two minimal prime elements, Γ m (L) contains a cycle and gr(Γ m (L)) = 3. This essentially proves that for a reduced ring R with more than two minimal primes, gr(AG(R))) = 3 which settles the conjecture of Behboodi and Rakeei [9] . Further, we have characterized the diameter of
Now, we begin with necessary concepts and terminology.
Definition 1.2. A non-empty subset I of a lattice L is said to be semi-ideal, if x ≤ a ∈ I
implies that x ∈ I. A semi-ideal I of L is said to be an ideal, if for a, b ∈ I, a ∨ b ∈ I. A proper ideal (semi-ideal) I of a lattice L is said to be prime if a ∧ b ∈ I implies a ∈ I or b ∈ I.
Dually, we have concept of a prime filter (semi-filter). A prime ideal (semi-ideal)[element] I is a minimal prime ideal (semi-ideal)[element] if there is no prime ideal (semi-ideal)[element] Q
such that {0} Q I. A filter is said to be maximal if it is a maximal element of the poset of filters.
For a ∈ L, the set (a] = {x ∈ L | x ≤ a} is called the principal ideal generated by a. Dually, we have a concept of a principal filter [a) generated by a.
A lattice L is said to be complete, if for any subset S of L, we have S, S ∈ L.
A complete lattice L is said to be a multiplicative lattice, if there is defined a binary operation " · " called multiplication on L satisfying the following conditions:
An element c of a complete lattice L is said to be compact, if c ≤ α a α implies that c ≤ n i=1 a αi , where n ∈ Z + . The set of all compact elements of a lattice L is denoted by L * . A lattice L is said to be compactly generated or algebraic, if for every x ∈ L, there exist x α ∈ L * , α ∈ Λ such that x = ∨ α x α , that is, every element is a join of compact elements.
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A multiplicative lattice L is said to be 1-compact , if 1 is a compact element of L. A multiplicative lattice L is said to be compact , if every element of L is a compact element.
An element p = 1 of a multiplicative lattice L is said to be prime, if a · b ≤ p implies either
A non-empty subset S of L * in 1-compact, compactly generated lattice is said to be multi-
As L is a complete lattice, it follows that L admits residuals: for every pair a, b ∈ L, there exists an element (a :
In a multiplicative lattice L, an element a ∈ L is said to be nilpotent, if a n = 0, for some n ∈ Z + and L is said to be reduced, if the only nilpotent element is 0. The set of all nilpotent elements of L is denoted by N il(L).
Let a be an element of a multiplicative lattice. We define a
A lattice L with 0 is said to be 0-distributive
Varlet [28] . The concept of 0-distributive poset can be found in [19, 20] .
Note that I = {0} is a semiprime ideal of L if and only if L is 0-distributive.
Let G be a graph and x, y be distinct vertices in G. For undefined concepts in lattices and graphs, see Grätzer [11] and Harary [12] respectively.
Zero-divisor graph of a multiplicative lattice
Joshi [15] introduced the zero-divisor graph of a poset with respect to an ideal I. We mentioned this definition, when a poset is a lattice. We illustrate this concept with an example.
Example 2.2. The lattice L and its zero divisor graph Γ(L) (in the sense of Joshi [15] ) is shown in Figure 1 . A proof of the following corollary follows from the fact that there exist a compact element (0 =)c ≤ a, as L is compactly generated and set S = {c n } where n ∈ Z + is a multiplicatively closed set. From the above example, it is clear that Γ(L) and Γ m (L) need not be isomorphic. Hence it is natural to ask the following question.
We answer this question in the following result.
Lemma 2.7. A multiplicative lattice L is reduced if and only if
Proof. Let L be a reduced multiplicative lattice, then Γ(L) = Γ m (L) follows from the fact that
and L is not reduced lattice. Then there exists an element a( = 0) ∈ L such that a n = 0 with a n−1 = 0 for some positive integer n. Let b = a n−1 , then a·b = 0 gives a and b is adjacent in Γ m (L). This gives a and b are adjacent in Γ(L). But then we have a
Thus L is 0-distributive.
The following result follows from the fact that L is commutative semigroup and the result follows from DeMeyer et. al. [10] . But for the sake of completeness we provide the proof of it.
Proof. Let x, y be distinct vertices in Γ m (L). Therefore there exists z = 0, w = 0 with
are connected by a path x − z − w − y of length ≤ 3. If w · z = 0, then x, y are connected by
Therefore, there exists a cycle of minimal length n in Γ m (L), say
This contradicts the minimality of n. Therefore, we have n = 3 or 4, which implies that gr(Γ m (L)) = 3 or 4. Hence, in all cases The following theorem is proved by Alizadeh, Maimani, Pournaki and Yassemi [3] and Joshi [15] for posets. We quote this result when the poset is a lattice. (1) There exist non-zero minimal prime semi-ideals P 1 and P 2 of L such that P 1 ∩ P 2 = 0. 
For any x p2 ∈ V 2 , we have x p2 · x p1 = 0 for every x p1 ∈ V 1 . By the definition of a multiplicative lattice,
Since L is reduced, (1) There exist non-zero minimal prime ideals P 1 and P 2 of L such that P 1 ∩ P 2 = 0. Proof. follows from the Theorem 2.11 and Theorem 2.13.
Remark 2.15. It is known that if R is a reduced (non-reduced) commutative ring with unity.
Then Id(R), the ideal lattice of R, is reduced (non-reduced) multiplicative lattice which is 1-compact and compactly generated. Further if R is a reduced commutative ring with unity and Proof. Let p 1 , p 2 and p 3 be three distinct minimal prime elements of L. Since L is compactly generated and We assume that y 1 · y 2 = 0. Since p 2 is prime and z 1 · y 1 = 0, we get y 1 · y 2 ≤ p 2 . Since L * is multiplicatively closed, by Lemma 2.17, there exists z 2 ≤ p 2 such that y 1 · y 2 · z 2 = 0. Put and p 2 in L such that p 1 ∧ p 2 = 0. We claim that there are the only two minimal prime elements in L. Suppose, there exists a third minimal prime element, say p 3 ∈ {p 1 , p 2 } in L. As
Thus L has exactly two minimal prime elements, a contradiction to the assumption that L has more than two minimal prime elements. Hence gr(Γ m (L)) = 3. 
) and hence (0 : (x ∨ y)) = 0. We have (x ∨ y) · (0 : (x ∨ y)) = 0. As
Proof. Let q be a non-zero nilpotent element. Consider the pair a ∨ (b · q) = 0 and c · q Hence without loss of generality, we may assume that there is a non-zero nilpotent element Proof. Let x = 0 and y = 0 be distinct elements of Z(L). Suppose Z(L) is an ideal. Therefore
Theorem 2.22. Let L be non-reduced multiplicative lattice and Z(L) is not an ideal, then
This gives x = 0, a contradiction. Hence x = x ∨ y. Similarly, y = x ∨ y. Hence x = y, a contradiction. Thus Z(L) is not an ideal.
Proof. Proof follows from the Lemma 2.20 and Lemma 2.25.
The following theorem is due to Joshi, Waphare and Pourali [21] . We quote this result when 
Since L is a 0-distributive lattice, intersection of all minimal prime ideals of L is zero .
Hence P ∩ Q = {0}. Therefore by Theorem 2.14, L has two minimal prime elements say p 1 and p 2 such that p 1 ∧ p 2 = 0. Now, we show p 1 and p 2 are the only two minimal prime elements L. Suppose L has a third minimal prime element, say p 3 . Then
or p 2 ≤ p 3 , a contradiction to the minimality of p 3 . Hence L has exactly two minimal prime
Conversely, suppose that L is reduce with exactly two minimal prime elements, say p 1 , p 2 .
By Corollary 2.4, we have p 1 ∧ p 2 = 0. Therefore by Theorem 2.14, L has two minimal prime ideals, say P and Q such that P ∩ Q = {0}. Suppose L has third a minimal prime ideal, say
Hence, L has exactly two minimal prime ideals. By Theorem 2.27, diam(Γ(L)) ≤ 2 and hence 
(1) Suppose L is a reduced lattice. If L has exactly one minimal prime element, then 
is the set of atoms of L;
and only if L is reduced with exactly two minimal prime elements
and
and only if L is reduced with more than two minimal prime elements
or L is non-reduced.
If x is an atom, then we are through. If x is not an atom, then there exists y such that 0 < y < x.
and L is a reduced, we must have x · y = x ∧ y = 0. Therefore y = 0, a Therefore if x is contained in at least one minimal prime element then x ∈ Z(L). Proof. Let L have more than two minimal prime elements. Let a, a * ∈ Z(L). We claim that 
